1. Introduction. Let 0 < q ≤ 1 < p < ∞, −1 < α ≤ 0 and G be a locally compact Vilenkin group. In [5] , we have introduced certain new homogeneous Hardy spaces HK q p,α (G) associated with the Herz space K q p,α (G) on a locally compact Vilenkin group G. In this paper, we consider their non-homogeneous versions. More precisely, in Section 2 of this paper we introduce some non-homogeneous Hardy spaces HA p,α (G) (see [3, 4, 9, 10] for the definitions of the Hardy spaces H p α (G)). In [10] Onneweer and Quek introduce a subspace Y * (G) of the Hardy space H 1 (G). As an application of the theory of §2, in Section 3 of this paper we discuss the relation between the spaces HA 1 p,0 (G) and Y * (G). In the last section, §4, of this paper, we give another application of the theory of §2. We first introduce some general non-homogeneous Herz spaces K(β, p, q; G) on a locally compact Vilenkin group G (see [6, 8] ), where β ∈ R, 0 < p, q ≤ ∞, K(1/q − 1/p, p, q; G) = A q p,0 (G). We then discuss the relation between the spaces HA q p,0 (G) and K(β, p, q; G) with β > 1/q − 1/p. Moreover, we state a conjecture about the relation between HA (ii) sup{order (G n /G n+1 ) : n ∈ Z} < ∞.
We choose a Haar measure µ on G so that µ(G 0 ) = 1 and µ(G n ) := (m n ) −1 for each n ∈ Z. Then for each α > 0 and k ∈ Z, we have
Then the topology on G determined by d coincides with the original topology. For x ∈ G, we set |x| = d(x, 0), and for each α ∈ R define the function v α on G by v α (x) = |x| α ; the corresponding measure v α dµ = |x| α dµ is denoted by dµ α . Moreover, dx will sometimes be used in place of dµ. It is easy to deduce that
In this paper, S(G) and S (G) denote the spaces of test functions and distributions on G respectively. For details, see [9] and [11] . Now, let us make the precise definition.
Here and below we write [5] for the definition of spaces K q p,α (G); see also [8] ). More precisely, we have the following proposition (see also [6] ).
−(1+α) (see [7] ) and
On the other hand, by the definition of K q p,α (G) (see [5] and [8] ), we have
. The proof of Proposition 1.1 is finished.
The Hardy spaces
Then f n is a function on G which is constant on the cosets of G n in G. Moreover, lim n→∞ f n = f in S (G) (see [11] ). For f ∈ S (G), we define its maximal function f * (x) by
Now we define new Hardy spaces HA 
by Lemma 3.5 of Kitada [3] . Therefore we can redefine HA
Conversely, we have the general fact
where we use Proposition 1.1 and the fact that f * is bounded on L p α (G) for 1 < p < ∞ and −1 < α ≤ 0 (see Kitada [4] ).
In order to establish the characterization of the space HA q p,α (G) in terms of decompositions, we need to introduce the following concept of a central atom of restricted type.
R e m a r k 2.2. The definition of a central atom of restricted type is a modification of the definition of a central atom in [5] , where (1) reads: supp a ⊂ G n for some n ∈ Z.
where a j 's are central (q, p) α -atoms of restricted type and
Moreover , for q = 1, the equality f (x) = λ j a j (x) holds pointwise.
P r o o f. We can prove this theorem by a procedure similar to the proof of Theorem 2.5 in [5] . However, for q = 1, using (2.1), we can give a simple proof. In fact, let f ∈ HA
. Therefore, by Theorem 2.5 of [5] , we know that f (x) = j λ j a j (x), where each a j is a central (1, p) α -atom with support G n j for some n j ∈ Z, and |λ j | < ∞. a central (1, p) α -atom of restricted type with support G 0 , and Now suppose f (x) = j λ j b j (x) satisfies the hypothesis of the theorem and supp b j ⊂ G n j for some n j ∈ Z \ N. By Theorem 2.5 of [5] , we know that f ∈ HK 1 p,α (G) and f HK 1 p,α (G) ≤ C{ j |λ j |}. On the other hand, we have
This finishes the proof of Theorem 2.1.
Similarly to the spaces HK q p,α (G), we have the following molecular decomposition characterization of the spaces HA q p,α (G) (see [5] ). 
We can show this theorem using the same procedure as in the proof of Theorem 3.3 of [5] . For q = 1 we can once again give a simple proof using (2.1). In fact, let f ∈ HA
We have
α -molecule of restricted type, and where each M k is a (1, p, b) α -molecule of restricted type, R p,α (M k ) ≤ C 0 < ∞ with C 0 independent of M k , and
satisfies the hypothesis of the theorem. Then, by Theorem 3.3 of [5] , we know that f ∈ HK 1 p,α (G) and
On the other hand, we have
This finishes the proof of the theorem. Similarly to the case of the space HK 
It is easy to verify that, if such C n 's exist, we can take Similarly to Theorem 2.9 of [5] , we can prove the following duality theorem (see [5] for the details). 
* norm satisfies
In addition, as an application of the theory of atomic-molecular decompositions of HA q p,α (G), we can establish certain interpolation theorems and prove boundedness theorems on multipliers (see Theorems 2.6-2.7 and Theorems 4.1-4.4 of [5] ). We omit the details. In the following sections, we obtain some other applications of the atomic theory of the spaces HA 
On the other hand, as we point out in §2, HA 
Let Γ denote the dual group of G and for each n ∈ Z let Γ n = {γ ∈ Γ : γ(x) = 1 for all x ∈ G n }. Take γ 0 ∈ Γ 1 \ Γ 0 and define
Moreover,
, by Theorem 2.1 we know that f ∈ HA 1 p,0 (G) and
, and so log + |y| ≥ C(−k). Therefore,
However, we have the following theorem:
From this theorem we can deduce that (Y
P r o o f o f T h e o r e m 3.1. Let f * (x) = sup n∈Z |f * ∆ n (x)|. Write
We first estimate I 1 . Suppose x ∈ G l \G l+1 for some l ∈ Z\(N∪{0}). Let n ≤ l. Then x ∈ G l ⊂ G n , and ∆ n (x) = m n . In addition, since G f (y) dy = 0, we have
where we have used the fact that if y ∈ G l , then x − y ∈ G n and therefore
Thus,
Note that if y ∈ G j \ G j+1 , we have |y| = (m j ) −1 ≥ 2 −j , so that −j ≤ C log |y| = C log + |y| as long as j ≤ −1. From this, we deduce that
|f (y)| log |y| dy
If n > l and
. From this it follows that for x ∈ G l \ G l+1 and l ≤ −1,
Therefore,
where we have used the L p (G)-boundedness of (E l ) * (see Kitada [4] ).
For I 2 , we first deduce that if x ∈ G 0 and n ≤ 0, then
If n > 0 and x ∈ G 0 , then ∆ n (x − y) = 0 for y ∈ G 0 . Thus,
where we set E 0 (y) := f (y)χ G 0 (y). Therefore, if x ∈ G 0 , we have
Thus, 4. The relation between HA q p,0 (G) and the general non-homogeneous Herz spaces. In this section, we first introduce general nonhomogeneous Herz spaces K(β, p, q; G) on locally compact Vilenkin groups. For the definitions of the general homogeneous Herz spaces on locally compact Vilenkin groups see [8] and [6] . 
Concerning the relation between the spaces K(β, p, q; G) and HA q p,0 (G), we have the following fact.
R e m a r k 4.1. If q = 1 < p < ∞, by Theorem 2.1 and the definition of the space HA 1 p,0 (G), we obviously have
Thus, a natural question is whether the following equality holds:
where
then from f (y) dy = 0 we deduce that
It is easy to see that supp a (1) n ⊂ G −n−1 , a 
Thus, by Theorem 2.1 we know that F ∈ HA 1 p,0 (G). Now, we turn to E(x). Write
n a (2) n (x).
It is easy to see that a (2) n (x) =
is a central (q, p) 0 -atom, and 
